Abstract. The vibration analysis is an important stage in the design
INTRODUCTION
The dynamic analysis is an important stage in the design of mechanical systems and structures subject to dynamic loads like wind and earthquake. This analysis allows obtaining degeneration of the approximation space or applying penalty methods or Lagrange multipliers.
The purpose of this work is to present a formulation of the GFEM to free and transient vibration analysis of bars. The proposed method combines the best features of GFEM and enriched methods: (a) efficiency, (b) hierarchical refinements and (c) the introduction of boundary conditions following the standard finite element procedure. In addition the enrichment functions are easily obtained.
GENERALIZED FINITE ELEMENT METHOD
The Generalized Finite Element Method (GFEM) is a Galerkin method whose main goal is the construction of a finite dimensional subspace of approximating functions using local knowledge about the solution that ensures accurate local and global results. The GFEM local enrichment in the approximation subspace is incorporated by the partition of unity approach. 
Partition of unity
Accordingly, the function u can be approximated by the enriched set as:
where ij a are the degrees of freedom.
In the proposed GFEM, the cover { }
i Ω corresponds to the finite element mesh and each patch i Ω corresponds to the sub domain of Ω formed by the union of elements that contain the node x i (Fig. 2) . 
in the patch ( ) 
where E R and ρ R are the Young modulus and specific mass on sub domain ( )
, E L and ρ L are the Young modulus and specific mass on sub domain ( )
, and j µ is a frequency related to the enrichment level j. The enriched set S, so proposed, vanishes at element nodes, which allows the imposition of boundary conditions in the same fashion of the finite element procedure. This C 0 element can be applied in the free vibration analysis of shafts, bars and trusses. Different frequencies j µ produce different enriched elements. The increase in the number of elements in the mesh with only one level of enrichment (j = 1) and a fixed parameter , produces a hierarchical p refinement. Another refinement possible in the proposed GFEM is the adaptive refinement, which is presented below. The adaptive GFEM is an iterative approach presented first by [1] whose main goal is to increase the accuracy of the frequency (eigenvalue) related to a chosen vibration mode with order denoted by "target order". The flowchart with blocks A to H presented in Figure 3 represents the adaptive process. In this flowchart, ω target corresponds to the frequency related to the target mode. The first step of the adaptive GFEM process (blocks A to C) consists in obtaining an approximation of the target frequency by the standard FEM (GFEM with n l = 0) with a coarse mesh. The finite element mesh used in the analysis has to be as coarse as is necessary to capture a first approximation of the target frequency. The subsequent steps (blocks D to G) consist in applying the GFEM with only one enrichment level (n l = 1) to the same finite element mesh assuming the frequency j µ (j = 1, blocks D and E) of the enrichment functions (Eqs. [9] [10] [11] [12] [13] [14] as the target frequency obtained in the last step. Thus, no mesh refinement is necessary along the iterative process. Both the standard FEM and the adaptive GFEM allow as many frequencies as the total number of degrees of freedom to be obtained. However, in the latter, only the precision of the target frequency is effectively improved by the iterative process. The other frequencies 
End Show results NO YES present errors similar to those obtained by the standard FEM with the same mesh. In order to improve the precision of another frequency, it is necessary to perform a new adaptive GFEM analysis, taking this new one as the target frequency.
Generalized C 0 elements for time response analysis
The C 0 elements described in the previous section can also be used for time response analysis. When damping is not considered, time response analysis can be made by solving the following system of equations [3] :
where u is the vector of displacements, u & & is the vector of accelerations, K is the stiffness matrix, M is the mass matrix and F is the vector of applied forces.
The system of equations from Eq. (15) can be solved by some time integration scheme found in the literature. In this paper, Modal Superposition is used to obtain a set of independent equations from Eq. (15) and then each equation is solved separately by Newmark's Method [3] . The advantage of using this approach is that one is able to choose which vibration modes to include in the Modal Superposition procedure. This can be an interesting tool to investigate the accuracy of the individual approximated vibration modes of the structure.
The error between a reference solution and an approximate solution in a fixed position inside the structure can be approximated by
where n t is the number of time steps used, ∆t is the time step used to obtain the approximate solution, u (i) is the analytical solution at time step (i) and u h (i) is the approximate solution at time step (i) in a fixed position inside the structure. Error evaluation according to Eq. (16) is illustrated in Fig. 4 . The error in a given time interval is approximated by the product between ∆t and ∆u (i) .
Figure 4: Error evaluation according to Eq. (16).
∆t
For the time response analysis, higher order polynomial finite elements were obtained using Lobatto's polynomials as shape functions, as described in details by [22] . These polynomials are different from Lagrange's polynomials that are commonly used in p-version of FEM. However, both families of polynomials form a basis for the subspace P n of polynomials up to order n when n+1 shape functions are used. Consequently, the approximations given by both schemes are the same.
APPLICATION
Numerical solutions for a uniform fixed-free bar (Fig. 5) are given below to check the efficiency of the proposed formulation of GFEM. The number of degrees of freedom (ndof) considered in each analysis is the total number of effective degrees of freedom after introduction of boundary conditions.
Free vibration analysis
The free axial vibration of a fixed-free bar (Fig. 5 with F(t) = 0) with length L, elasticity modulus E, mass density ρ and uniform cross section area A, has exact natural frequencies ( r ω ) given by:
In order to compare the exact solution with the approximated ones, in this example a non-dimensional eigenvalue r χ given by:
will be used.
To check the efficiency of the p refinement of GFEM the results were compared to those Four different adaptive GFEM analyses are performed in order to obtain the first four frequencies. In order to capture an initial approximation of the target vibration frequency, for the first frequency, the finite element mesh must have at least one bar element (one effective degree of freedom), for the second frequency, it must have at least two bar elements (two effective degrees of freedom), and so on. Table 1 The adaptive process converges rapidly, requiring three iterations in order to achieve each target frequency with precision of the 10 -13 order. For the uniform fixed-free bar, one notes that the adaptive GFEM reaches greater precision than the h versions of FEM and the CEM. The p-version of FEM is as precise as the adaptive GFEM only for the first two eigenvalues. After this, the precision of the adaptive GFEM prevails among the others.
Time response analysis
Time response analysis is made for the structure from Figure 5 . This is a fixed-free uniform bar subject to a time dependent force F(t) at the right end. Only axial displacements are considered here.
The properties of the material for this example were chosen to give a wave velocity equal to 1 / = = ρ E c m/s, in order to simplify the analysis. Besides, the length of the bar is taken equal to 1 meter. The bar is at rest and then both initial displacements and velocities are null.
The natural vibration frequencies for this example can be found using Eq. (17) . For the time response we assume that the time dependent force is given by
where f is the force magnitude and ω is the excitation frequency. The analytical solution for the time response in this case requires the application of techniques described by [15] . The displacements inside the bar are given by
where 
[ ]
This problem is solved numerically for ω = 20 rad/s and f = 1 N/m 2 . The analysis is made using the Modal Superposition Method for a time interval of 20 s and the resulting equations are solved using the Newmark method (with α = 0,5 and δ = 0,25) for a time step equal to 1,25x10 -3 s.
This example was solved by the GFEM, the standard linear FEM and the hierarchical polynomial FEM (Lobatto's shape functions). The mesh used by the linear FEM was obtained by dividing the domain into 20 finite elements of equal size. The mesh used by p FEM was obtained using four finite elements of fifth order. The mesh used by the GFEM was obtained with four finite elements with one enrichment level obtained with β R = β L = 3π/2. All meshes result in 20 degrees of freedom after boundary conditions imposition.
The errors evaluated according to Eq. (16) at the center of the bar (i.e. x = 0,5 m) are presented in Table 2 , Fig. 9 and Fig. 10 . The errors presented in the first column of Table 2 were obtained including only the first vibration mode of the structure in the Modal Superposition procedure. The errors presented in the second column were obtained including the first and second modes, and so on. A closer inspection of Figure 10 reveals that including more than 10 modes in the analysis resulted in less accurate results for both the GFEM and the p FEM. This indicates that most accurate results are not obtained by including every mode in Modal Superposition, possibly because the higher modes are poorly approximated. Besides, we note that the errors obtained with the GFEM are significantly smaller then the errors obtained by the p FEM in this case.
This fact is confirmed by observing the time response at x = 0,5 m obtained by including the first 10 modes in the Modal Superposition procedure, that is presented in Figure  11 . We note that the results obtained with the linear FEM are very poor in comparison to the other two methods. The results obtained with the GFEM and the p FEM agree with analytical solution. However, the displacements obtained with the GFEM are much closer to the analytical solution than the ones obtained with the p FEM, mainly for peak displacements. The accuracy of the results obtained with the GFEM in this case can be explained by observing the relative errors obtained for the natural vibration frequencies. These errors are presented in Table 3 , Fig. 12 and Fig. 13 .
From Figure 12 we observe that the accuracy of the linear FEM for the approximation of the lower vibration modes is very poor in comparison to the GFEM and the p FEM. The linear FEM obtained better results only for the last three frequencies presented, but the errors involved in the approximation of these frequencies are so big that this makes little difference in practice.
The vibration frequencies approximated with errors smaller than 0.05% are presented in Fig. 13 . The results obtained with the linear FEM are not presented since they are very poor in comparison with the other two methods.
In this case, we note an interesting behavior. The p FEM was able to obtain better results for the first few vibration modes, but the results obtained by the GFEM eventually become more accurate for the higher vibration modes. This fact is confirmed by the results presented in Table 3 .
However, the approximations obtained by the GFEM are more accurate for a larger range of frequencies. Note, for example, that the GFEM obtained more vibration frequencies with errors smaller than 0.01%. The p FEM was able to obtain better results only for the first four vibration frequencies, but the errors obtained by the GFEM for these frequencies are small enough for most practical applications. Figure 12 . Relative errors (%) obtained for the natural vibration frequencies.
From Table 2 , we note that both the p FEM and the GFEM obtained the same results when the first six modes were included in the analysis. However, the inclusion of the 7 th , 8 th , 9 th and 10 th modes results in a better approximation by the GFEM.
This fact can be explained by observing the results presented in Table 3. The 7  th , 8   th   ,  9 th and 10 th modes were much better approximated with the GFEM than with the p FEM. The p FEM obtained better results until the 4 th mode, but the accuracy of the GFEM is good enough for these modes so that no difference is noted in the results from Table 2 in these cases. These results indicate that the p FEM is able to obtain better results for the first few vibration modes, but the GFEM is able to obtain better results for a larger frequency range. Since time response analysis makes use of several vibration modes at the same time, obtaining only a few vibration modes with high accuracy may not ensure an accurate time response. This is particularly true when the structure is subject to high frequency excitations. 
GFEM
In this case, the GFEM is able to obtain better approximation for a larger range of vibration modes and then obtain better results for the time response analysis.
CONCLUSION
The main contribution of this work consists in formulating and investigating the performance of the Generalized Finite Element Method (GFEM) for vibration analysis of bars. The proposed generalized C 0 element allows applying boundary conditions as in the standard finite element procedure. In some of the recently proposed methods such as the modified CEM [12] , it is necessary to change the set of shape functions depending on the boundary conditions of the problem. In others, like the Partition of Unity used by [5] and [10] , the boundary conditions are applied under a penalty approach. In addition the GFEM enrichment functions require less effort to obtain than the FEM shape functions in a conventional hierarchical p refinement.
The GFEM results were compared with those obtained by the h and p versions of FEM and other enriched methods. The GFEM is quite accurate and its convergence rates are higher than those obtained by the h-versions of FEM and the enriched methods in free vibration analysis of bars. Although the p refinement of GFEM has produced excellent results and convergence rates, the adaptive GFEM exhibits special skills to reach accurately a specific frequency.
In most of the free vibration analysis it is virtually impossible to get all the natural frequencies. However, in practical analysis it is sufficient to work with a set of frequencies in a range (or band), or with those which have more significant participation in the analysis. The adaptive GFEM allows finding a specific natural frequency with accuracy and computational efficiency. It may be used in repeated analyses in order to find all the frequency in the range of interest.
The adaptive GFEM shows fast convergence and remains stable after the third iteration with quite precise results for the target frequency. The results have shown that the adaptive GFEM is more accurate than the h refinement of FEM and the CEM, both employing a larger number of degrees of freedom. The adaptive GFEM in free vibration analysis of bars has exhibited similar accuracy, in some cases even better, to those obtained by the p refinement of FEM.
Thus the adaptive GFEM has shown to be efficient in the analysis of longitudinal vibration of bars, so that it can be applied, even for a coarse discretization scheme, in complex practical problems. Future research will extend this adaptive method to other structural elements like beams, plates and shells.
In time response analysis the most accurate results were obtained with the GFEM. The results obtained with the linear FEM are very poor in comparison to the GFEM and the pversion of the FEM. The results indicate that the p FEM is able to obtain better results for the first few vibration modes, but the GFEM is able to obtain better results for a larger frequency range. Since time response analysis makes use of several vibration modes at the same time, obtaining only a few vibration modes with high accuracy may not ensure an accurate time response. This is particularly true when the structure is subject to high frequency excitations.
